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1 Sets

1.1 Introduction

The purpose of this class is to introduce techniques for reasoning mathematically in a
rigorous and formal way. There are two sides to this. On the one hand, we will introduce
proof techniques, forms of logical reasoning that aid in proving mathematical statements
and apply them to a variety of mathematical situations. On the other hand we will look
at mathematical logic as an area of mathematics in and of itself and make arguments
about how and why certain aspects work. Both of these sides share the common goal
of showing how to construct a variety of different types of proofs in a rigorous and
correct way by understanding their logical structure and their relation to other areas of
mathematics.

Towards this goal we begin by discussing sets. Informally a set may be thought
of as a collection of objects (mathematical or otherwise). It turns out that the basic
mathematical theory of sets serves as a language and framework from which all other
areas of mathematics can be constructed. For this reason it is sometimes refered to
as “the foundations of mathematics”. There is an abstract, axiomatic approach to set
theory that is common in modern research though we will not need it here. Instead it
will be enough for us to use the informal notion of a set as a collection of objects.

Definition 1.1 (Sets, Members and the Membership Relation). A set is any collection
of objects. Often, though not always, we denote sets using upper case letters. If A is
a set then the objects in the collect are refered to as members or elements. If x is a
member of A then we write x ∈ A and read “x is an element of A” or “x is in A”. If
x is not a member of A then we write x /∈ A. The symbol ∈ is sometimes refered to as
“the membership relation”.

Remark 1. The symbol ∈ is a stylized Greek epsilon (ε) and was originally introduced to
stand for the ancient Greek word “esti” (εστι) which means “is a”. Therefore we might
read x ∈ A as “x is an A”.
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Some examples of sets include

1. The set of all prime numbers greater than 17.

2. The set of all people in this room.

3. The set of all sets of numbers.

4. The set consisting of i) people named John in Milwalkee, ii) my dog, and iii) the
set of polynomials of degree 3.

Admittedly these examples are a bit silly but (I hope) they illustrate some important
points about sets: first of all anything can be an element of a set, including most impor-
tantly other sets and second of all that the members of a set do not need to have any
specific properties in common. In particular, a set might consist of some numbers, some
functions, some letters etc. The rest of this section is devoted to studying what types of
sets are useful in math, and how to build and denote them.

1.2 Describing Sets

There are two flavors of sets. Sets may be finite if they have finitely many members
and infinite otherwise. Thus, for example the set consisting of the numbers 2, 4 and 7 is
finite and the set of all even numbers in infinite. More concretely we make the following
definition:

Definition 1.2 (Cardinality of a Set). Let A be a set. Then the cardinality of A is the
number of elements it has if this number is finite and ∞ otherwise. We write |A| to
denote this number. Therefore, if A is the set whose elements are the number 3 and the
polynomial y = x2 then |A| = 2. If A is the set of prime numbers then |A| =∞. Notice
that we can denote that A is finite by writing |A| <∞. If a set has exactly one element
we often refer to it as a singleton.

The distinction between finite and infinite sets turns out to be one that is fundamental
in higher mathematics, as we shall see in this course. For the moment though it also
informs the ways that we can describe sets.

Question 1. In the list of sets above, which are finite and which are infinite? What is
the cardinality of each set?

There are many ways to describe sets, though two will be particularly useful for
us. The first way is to list the elements between braces. For example we can write
A = {2, 4, 7} or B = {...,−3,−1, 1, 3, 5, ...}. This way works well if there are finitely
many elements in a given set, though for infinite sets listing the elements only works
if it’s clear what the pattern is. For infinite sets it’s often better to use set builder’s
notation to describe the sets.
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Definition 1.3 (Set Builder Notation). Let A be some set all of whose elements share
some property P . Then the set builder notation for A is given by {x | x has property P}.
This is read “the set of x such that x has property P” (in particular the line | is read
“such that”).

Some examples of sets given in set builder’s notation are:

Example 1.4. 1. {n | n is a prime number} = {2, 3, 5, 7, 11, 13, 17, ...}

2. {x | x2 − 3 = 0} = {
√

3,−
√

3}

3. {x | |x| < 4}

The following examples should be familliar from calculus:

1. Closed Intervals: [a, b] = {x | a ≤ x ≤ b}

2. Open Intervals: (a, b) = {x | ; a < x < b}

3. Infinite interval: (a,∞) = {x | a < x}

Question 2. Try writing the half open intervals [a, b) and (a, b] and the infinite intervals
(−∞, a) and [a,∞) in set builder notation.

Next we will describe some important sets we will be playing with in this course
however let us pause for a moment to point out an important aspect of sets that has
been implicit in the discussion thus far: sets are determined by their elements and nothing
else. Thus, two sets are equal exactly when they have the same elements. For example
{2, 3, 6} = {3, 2, 6} 6= {2, 3, 5}. Neither the notation nor the order are important in
defining the set.

The Axiom of Extensionality. Equality of sets means that they have the same members
i.e. to say A = B means for every x ∈ A it is also true that x ∈ B and conversely for
every x ∈ B it is also true that x ∈ A.

1.3 The Number Systems

In this section we will introduce the empty set and the number systems, arguably the
most important sets in mathematics. We begin by looking at the empty set, which is
the set which has no members at all.

Definition 1.5 (The Empty Set, ∅). The empty set, denoted by ∅, is the unique set
with cardinality 0 i.e. ∅ = {} = {x | x 6= x}.

Question 3. Why is the empty set unique? HINT: Consider the axiom of extensionality.

Now we look at the number systems, these are sets of numbers that form the basis
of our mathematical reasoning. Each one is named by a special letter.
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Definition 1.6 (The Number Systems). 1. The Natural Numbers, N, is the set of all
non-negative whole numbers i.e. N = {0, 1, 2, 3, ...}.

2. The Integers, Z, is the set of all whole numbers i.e. Z = {...−3,−2,−1, 0, 1, 2, 3...} =
{n | n ∈ N or − n ∈ N}.

3. The Rationals, Q, is the set of all fractions of whole numbers i.e. Q = { n
m
| n,m ∈

Z and m 6= 0}.

4. The Real Numbers, R, is the set of all numbers on the real line i.e. the x or y
axis in the Cartesian plane. This set should be familiar from calculus. While a
complete description of the real numbers is a surprsingly diffcult task, note that R
contains all the rationals as well as many other numbers that cannot be expressed
as a fraction, such as π and

√
2.

If we have two sets A and B then we say that A is subset of B if all the members
of A are members of B. That is, if for all x ∈ A, it’s the case that x ∈ B. Notice that
trivially ∅ ⊆ A for all sets A and for any set A we have that A ⊆ A. In the above number
systems, each one is a subset of the following one, as illustrated by the following Venn
diagram.

∅

N

Z

Q

R

0, 1, 2...

−1,−2, ...

1
2
, 1
3
, ...

π,
√

2, ...

Figure 1: The inclusions of the empty set ∅ and the number systems. We have ∅ ⊆ N ⊆
Z ⊆ Q ⊆ R

Now that we’ve learned about a few sets, we can see how we can make new sets out
of old ones.
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1.4 Cartesian Product

The first operation on sets we’ll discuss is the Cartesian Product a sort of “multiplication”
of sets. First we need the concept of an ordered pair.

Definition 1.7 (Ordered Pair). An ordered pair is a list (x, y) of two things x and y. In
this case x is denoted the first coordinate and y the second coordinate.

Now we can define the Cartesian product, which is the set of all ordered pairs from
a given pair of sets.

Definition 1.8 (Cartesian Product). If A and B are sets then their Cartesian product,
denoted A × B is the set of all ordered pairs (a, b) such that a ∈ A and b ∈ B. In set
builder notation, this is expressed as A×B = {(a, b) | a ∈ A and b ∈ B}.

Here are some examples of cartesian products:

Example 1.9. 1. IfA = {a, b} and C = {c, d} thenA×C = {(a, c), (a, d), (b, c), (b, d)}.

2. The cartesian product of R with itself, often denoted R2 (or R×R) should be very
familiar, it’s the Cartesian or xy-plane from calculus!

3. The product N×N is the set of all points in the plane such that both the x and y
coordinates are natural numbers.

One interesting thing to notice is the sense in which A × B can be viewed as mul-
tiplication. Suppose that A and B are finite sets. Then |A × B| = |A| × |B|. To see
this, consider lining up the elements of A horizontally and the elements of B vertically.
Then the set A × B is the set of all points in the plane made by looking at the two
dimensional graph. In particular, for each a ∈ A there are |B|-many pairs with a as its
first coordinate so there are |A| × |B| many pairs in A×B.

Fact 1.10. If A and B are finite sets, then |A×B| = |A| × |B|.

Question 4. If A or B are infinite, then is A×B infinite?

Note that much like in multiplication we can take cartesian products of more than
two sets simultaneously. For instance let A, B and C be sets. Then we can let A×B×C
be the set of triples (a, b, c) such that a ∈ A, b ∈ B and c ∈ C. The same is true for
quadruptles, 5-tuples etc. For example the set R × R × R, which we write R3 is the
xyz-plane, a set which is very important in multivariable calculus.

1.5 Power Set

Given a set A we have already discussed its subsets, that is the sets B ⊂ A. The power
set of A, denoted P(A), is the set of all subsets. That is

P(A) = {B | B ⊆ A}
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The size of the power set can be significantly larger than the set itself as we shall see.
For instance, consider the power set of the cartesian plane, (R2). it contains the graph
of every function you’ve seen in calculus, every set of points one could imagine plotting
and much, much more. In the case of finite sets, if |A| = n then the cardinality of P(A)
is 2n. As an exercise in manipulating sets, let’s see this.

Theorem 1.11. Let A be a finite set of cardinality n. Then the cardinality of its power
set is 2n.

Proof. We can think of every subset of A, B ∈P(A) as a series of choices about whether
or not to put a given element of A in B. This gives us a list of yes’ and nos, or, 1’s and
0’s. For each element a ∈ A we might say yes or no, so that’s two options. But then,
since there are n elements of A we get that there are 2×2× ...×2 (n-times) possibilities
altogether, which is exactly 2n.

Question 5. Suppose A ⊆ B. What can we say about the relation between P(A) and
P(B)?

1.6 Union, Intersection, Difference and Complement

There are four more, related, operations on sets that we will look at. The first of these
is the union.

Definition 1.12 (Union). Let A and B be sets. The union of A and B, denoted
A ∪ B is the set of all things which are either elements of A or elements of B. That is,
A ∪B = {x | x ∈ A or x ∈ B}.

For example, suppose A = {a, b, c} and B = {1, 2, 3}. Then A ∪B = {a, b, c, 1, 2, 3}.
The next operation is intersection. This is like union except that the word “or” is

replaced by the word “and”.

Definition 1.13 (Intersection). Let A and B be sets. The intersection of A and B,
denoted A ∩ B, is the set of all things which are in A and B. In symbols, A ∩ B =
{x | x ∈ A and x ∈ B}.

It is a standard problem in algebra to have several functions, f , and ask where their
graphs intersect (find the common zero of a set of polynomials, for instance). This is
exactly asking for the intersection of their graphs, if we think of their graphs as the set
of pairs (x, f(x)). For another example, consider A = {a, b, c} and B = {1, a, 3}. Then
A ∩B = {a}. See also, the Venn diagram below.

Notice that there is a a slight problem involving order of operations. If we write
A ∩ B ∪ C then it’s not clear whether we mean (A ∩ B) ∪ C or A ∩ (B ∪ C). These
sets can be different. For example, let A = {a, b}, B = {b, c} and C = {c}. Then
(A ∩B) ∪ C = {b} ∪ {c} = {b, c} = B but A ∩ (B ∪ C) = A ∩ {c} = ∅.

The next two operations are difference and complement, which are related so we
define them simultaneously.
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A

B

C

A ∩B

A ∩ C

B ∩ C

A ∩B ∩ C

Figure 2: A Venn Diagram for Intersection between three sets A, B and C.

Definition 1.14 (Difference and Complement). Let A and B be sets. The difference
of A and B, written A − B is the set of things in A but not B. In symbols this is
A−B = {x | x ∈ A and x /∈ B}. The special case where B ⊆ A is called B complement
(in A), and denoted B.

Remark 2. The other common notation for difference if A \ B i.e. A − B = A \ B and
for complement is Bc. The notation used above conforms to the text book.

Let A = {a, b, c}, B = {1, 2, a} and C = {1, a}. Then A − B = {b, c} and A − C =
{b, c}. Since C ⊆ B we can define C (in B). In this case it’s the singleton {2}.
Question 6. What are the elements of each of the following sets?: N− ∅, Q− Z, R− Z,
{a, b} ∪ (R− N).

1.7 Russell’s Paradox

While we won’t discuss it in detail in this course, there is a slight puzzle involved in
defining sets to be simply any collection. To see why, notice that most sets (indeed all
the ones we’ve discussed so far) are not members of themselves. For example N /∈ N.
However, there are sets which can be members of themselves. For instance let A = {A}
be the set whose only member is itself or let B be the set of sets which have more
than two members. Since there are more than two sets with this property B ∈ B. But

7



now, notice that there is a problem. Define the Russell Set, R, to be the set of all sets
which are not members of themselves. In other words, R = {A | A /∈ A}. Notice that
N ∈ R but the set B /∈ R where B is the set defined above. But now, ask, is R ∈ R?
Suppose the answer is yes. Then R ∈ R so R is a set which is not a member of itself,
i.e. R /∈ R, which contradicts our assumption. But then R /∈ R so R is a set which
is not a member of itself, which by definition means that R ∈ R, again contradicting
our assumption. So which is it? Is R ∈ R or not? This puzzle is called Russell’s
Paradox after the mathematician and philosopher Bertrand Russell who first discovered
it. It shows that that trying to define sets as any given collection is too simple and
we need a more rigorous notion of set if we want to be specific about when we can ask
questions about when things are members of collections. In practice this is hardly ever
a problem, since, as we have noted, all of the sets we naturally think of are not members
of themselves. This paradox however, paves the way for our next topic, logic where we’ll
study reasoning more carefully.
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